
E F F E C T  O F  F R E E  C O N V E C T I O N  ON T H E  I N S T A B I L I T Y  

OF A P L A N E  C R Y S T A L L I Z A T I O N  F R O N T  

Y u .  P .  L a d i k o v  a n d  V.  F .  T k a c h e n k o  UDC 536.425:542.65 

The a r t i c l e  cons ide r s  the p rob l em  of f r ee  convect ion under  conditions of phase  t ransi t ion.  The 
method of smal l  pe r tu rba t ions  is  used to study the stabil i ty of the c rys ta l l i za t ion  front.  Cr i t -  
ica l  va lues  of the p a r a m e t e r s  and calculat ions of the region of instabi l i ty  a r e  given. 

1. Sta tement  of P r o b l e m .  Let us  consider  a s y s t e m  consis t ing of a liquid and a solid phase.  In an un-  
pe r tu rbed  state,  the liquid phase  occupies the region 0 < z < l, and the solid phase the region l < z r H. The 
plane z=  l i s  the phase  t rans i t ion  in ter face  and has a constant  t empe ra tu r e ,  equal to the mel t ing point T . .  
In the plane z=  0, the t e m p e r a t u r e  T O is  given. 

It  follows f r o m  the t h e r m a l  conductivity equation that in an equi l ibr ium state for  the liquid phase  

d T /  dz = (T ,  - -  To) / l = ~ = const (1.1) 

F o r  the solid phase,  taking account of (1.1) and of the condition of the equality of the heat f luxes at the 
phase  in ter face ,  we obtain the resu l t  that in the equi l ibr ium state  

d T 1 / d z  =, a~, (~ = •/• (1.2) 

where  T and T l a r e  the t e m p e r a t u r e s  of the liquid and solid phases;  u and n t  a r e  the t he rma l  conductivity 
coeff icients .  

Let the quantitie s cha rac te r i z ing  the s tate  under  considerat ion,  including the c rys ta l l i za t ion  front,  un-  
dergo smal l  pe r tu rba t ions .  The equations of the pe r tu rbed  s ta te  fo r  the solid and liquid phases  c a n  be l ine-  
a r i zed  and wr i t ten  in d imens ion less  form.  If, as  c h a r a c t e r i s t i c  va lues  of the velocity,  the t ime,  'the length, 
and the t empe ra tu r e ,  we take, respect ive ly ,  Xo/l, 12/v, l, T0-T . ,  then the Prandt l  number  P r  and Ray-  
leigh number  Ra a re  

Pr = V/Xo, Ra = g a  0(T 0 -  T . ) P / ~ o V  

Here  v is the k inemat ic  v iscosi ty ;  X0 is  the coefficient  of t he rma l  diffusivity in the liquid phase; g is the ac -  
ce le ra t ion  due to gravi ty;  and a0 is the coefficient of vo lumet r i c  expansion of the liquid phase.  

In view of the homogenei ty  of the p rob lem with r e spec t  to the horizontal  coordina tes  x and y and the 
t ime  t, the solution of the s y s t e m  of equations of the pe r tu rbed  s ta te  may  be sought in the wave f o r m  

= (I) (~) expi (m~ -F ml - -  c0T) 

Here  go is  any one of the d imens ionless  c h a r a c t e r i s t i c s  of the pe r tu rbed  flow; ~ = x / l ,  ~7 =y/1 ,  ~ = z/ l ,  ~-= t v / l  2. 

Afte r  t r ans fo rma t ions ,  the s y s t e m  of equations descr ib ing  the pe r tu rbed  s ta te  in the liquid phase  ean 
be reduced [1] to a single equation with respec t  to the ampli tude of the t e m p e r a t u r e  per tu rba t ion  | 

(i.3) 
2 d ~ . d 2 

(k* = rn* + n ~') 
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In this case,  the ampl i tudes  of the ve loc i ty  per tu rba t ions  U, V, W a r e  e x p r e s s e d  in t e r m s  of the p e r -  
turbat ion of the t e m p e r a t u r e  in the following manner:  

dW 
d~ f0~) O, rnU ~ nV i d~ (1.4) w ( ; )  = - ( ~ - ~  - k ~ + v r  = 

The equation for  the ampli tude of the t e m p e r a t u r e  per tu rba t ion  in the solid phase,  @1, has the f o r m  

( d - ~ - - k 2 + P r q ' l i r 1 7 6  = 0 ,  q = ~ , l ~ o  (1.5) 

where  XI is the coefficient  of t h e r m a l  diffusivity in the solid phase .  

We wri te  the boundary conditions which mus t  be sa t is f ied by the ampli tude of the per turba t ions .  The 
su r face  z = 0 is ass t tmed to be rigid with a given t e m p e r a t u r e  To; there fore ,  the per tu rba t ions  of the t e m p e r -  
a tu re  and the veloci ty  r e v e r t  to ze ro  at this  su r face .  Taking account of (1.4) we will have 

~w d,O d ( d  ) 
W = - d ~ - ~ = O - = - j - ~ a = ~ - ( =  - ~ - - k ~ q - P r i o )  0 = 0  at ~ = 0  (1.6) 

At the upper  boundary of the solid phase  we shall,  in what follows, cons ider  two f o r m s  of boundary 
conditions: 

a) the condition of constancy of the t e m p e r a t u r e  

01 = 0 at ~ = a = H / l  (1.7) 

b) the condition of constancy of the heat flux 

dO1~ dg = 0 at ~ = a (1.8) 

Let us cons ider  the conditions at the phase  t rans i t ion  in ter face .  Let the equation of the p e r t u r b e d p h a s e -  
t rans i t ion  su r face  have the f o r m  

= t A" Zexpi (m~ A- n~l - -  to'O (1.9) 

Since the t e m p e r a t u r e  at  the phase  in te r face  r ema ins  constant,  equal to the mel t ing  t empe ra tu r e ,  the 
pe r tu rba t ions  of the t e m p e r a t u r e  in the liquid and solid phases  mus t  r e v e r t  to ze ro  at the sur face  (1.9). De-  
composing  the t e m p e r a t u r e  of the pe r tu rbed  s tate  in the neighborhood ~ =1 into a Tay lo r  se r i es ,  we find 

O =  Z, 01 =crZ at ~ = I 0--.10) 

The condition fo r  adhesion r equ i re s  the r e v e r s i o n  to ze ro  of the tangential  component of  the veloci ty  
at the sur face  (1.9). T h e r e f o r e  

dW d [d '~k l  Prio))0 0 ~ = t (1.11) d~ ~---~ ~d~ ~'" 2f_ ~ at 

At the pe r t u rbed -phas e  t rans i t ion  surface ,  the laws of conserva t ion  of the flows of m a s s  and energy 
mus t  a l so  be  sa t i s f ied  [2]: 

Xl OTI" OT ~ 

where D n is the no rma l  veloci ty  of the phase - t r ans i t i on  surface;  X is  the specif ic  heat of fusion; P0 and Pt 
a r e  the densi t ies  of the liquid and solid phases  at  the mel t ing  t empera tu re ;  and T1T and T T a r e  pe r tu rba t ions  
of the t e m p e r a t u r e .  

In d imens ion less  form,  for  the ampl i tude of the cha r ac t e r i s t i c  curve  of the pe r tu rbed  state,  taking ac -  
count of (1.9), these  conditions a r e  wri t ten  in the following manner :  

r 2- io~) O io~rZ (r _ ,o--p,  / W = - - ( ~ - ~ 2 - - k  q-Pr = - -  at ~ = 1  (1.12) 

t dot dO (R P~'~ 
Z d[ d~ = --  ir -- x(To-- T,) at ~ = I (1.13) 

Thus, the invest igat ion of the s tabi l i ty  of the plane phase  t rans i t ion  sur face  is  brought down to the p rob-  
, lem of the e igenvalues  fo r  Eqs.  (1.3) and (1.5), with the boundary conditions (1.6)-(1.8) and (1.10)-(1.13). 
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2. P roo f  of the Real Nature of the Eigenvalues.  Equation (1.3) can be wri t ten in the fo rm of a sys tem 
of two equations 

k2BaO ( - ~ -  k2 + ir a'2 = _ ( ~ - ~ , )  w (2.1) 

To prove the rea l  nature of the eigenvalues, we use the method of Pellow and Southwell[1]. We multiply 
the f i r s t  equation of (2.1) by W, and the second by @, and then integrate  between the l imits  f rom 0 to 1. The 
ba r  above the symbol denotes complex-con~gate  quantities.  Using boundary conditions (1.6) and (1.11), we 
obtain 

1 

j" W~}d~ = -- O' (i) O(i) + (J~' + kZJo ~) --  ico Pr J0 ~ (2.2) 
0 

1 

k 2 Ra ~ OWd~ = G' (t) W (t) A- I~' + 2k~I~ ' -{- k~Io 2 - -  io) (I~ 2 -4- k2Io 2) 
0 

Here  
1 1 

f I ,  W' G = ~ - - k ' W ,  I ,  ~= ]W ~12d~, Ix' 12d~ 
0 0 

1 1 1 

0 0 0 

Analogously, multiplying Eq. (1.5) by Oi and integrat ing between the l imits  f r o m  1 to a, using (1.7), 
(1.8), and (i.i0), we obtain 

i ~1 '  ( t )  Z = -~-  ( - -  ]112 - -  k'Orl0 2 -~ i(oq -1 Pr J10 2) (2.3) 

where  J10 2, Jll  2 a re  integrals ,  analogous to J0 2 and J12. Substituting (2.3) into the heat-balance equation, we 
can de te rmine  the value of | at ~ = 1, which is then substituted into the f i r s t  of the relat ionships (2.2). The 
value of O at g = 1 can be found using (1.10). 

Using the dimensionless  equations of the per turbed  state and the second of the equali t ies (1.4), fo r  the 
amplitude of the per turba t ion  of the p r e s su re  P we obtain 

P (i) = i(ok-'W' (1) -{- Prk-2G ' (t) (2.4) 

F r o m  boundary condition (1.11) it  follows that 

W' (t) ---- 0 

The amplitude of the per turbat ion  of the p r e s s u r e  at the surface  may be evaluated as  the per turbat ion 
of the hydrostat ic  p r e s su re ,  due to the replacement  of a liquid element  by a solid e lement  

whence 

P O) ~ --rFr-~Z, Fr' = X0s/gl ~ 

rkZ 
G' O)  = - ~ z (2.5) 

F r o m  condition 0_.12) 

W (1) = i(orZ (2.6) 

Substituting (2.5) and (2.6) into the second equation of (2.2), and noting that the lef t-  and right-hand 
par t s  of the f i r s t  and second equations of (2.2), with an accuracy  up to the fac tor  k2Ra, are  complex-conju-  
gate, we obtain 

_ p/2Fr~ i~ ,  Z,~r, + M , - -  i ~ , _ -  --  k, Ra E ~  ( -  ~2 i ~  ~ ~ ~o')  - -  (2~)  

- ~ R  1 z 1 ~ - -  L~ - -  i ~  P~ : 0 2 |  
. 1  
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H e r e  

M 2 = I22 + 2k2112 + k~Io ~, N + = 112 + k2[o 2 

K ~ = 1112 + k~jrl02, L ~ = d l  ~ + k21o 2 

We set  s = s r + i s i  =-- iw and equate the  r e a l  and i m a g i n a r y  p a r t s  in (2.7) 

[N ~ + k2Pr-lFr-~r z [ Z[ ~ + k2Ra ( q - t c - 2 J l o ~  + R I Z [ z + ]o~)]si : 0 

[ Nz - -  kZPr-lFr-2r2 I Z I 2 _ kZRa (q-X~-2dl0~ + R I Z[ z + ]02)]$r ___~ kZRa (L ~ + (I-2K 2) _ M s (2.8) 

An uns tab le  s ta te  c o r r e s p o n d s  to s r > 0, and a s tab le  s ta te  to s r < 0. 

The e x p r e s s i o n  in squa re  b r a c k e t s  in the f i r s t  equat ion of (2.8) cannot  r e v e r t  to z e r o  in the case  when 
R a > 0 .  

T h e r e f o r e ,  s i =  0 ( W r  = 0); s is a r e a l  value,  and the t r ans i t i on  f r o m  a s table  s tate  to an uns tab le  s ta te  
takes  p lace  with s = 0 o r  w = 0. 

3.  D e t e r m i n a t i o n  of the Cr i t i c a l  Rayle igh N u m b e r s  and of  the E igenva lues .  The value of the p a r a m -  
e t e r  R f o r  c r y s t a l l i n e  so l ids  i s  u sua l ly  v e r y  l a rge .  It  fol lows f r o m  the boundary  condi t ion (1.13) that  the 
e igenvalue  w is  smal l ;  in  the c o n t r a r y  ease  t he re  would be v e r y  l a r g e  t e m p e r a t u r e  g rad ien t s .  In view of  this, 
we shal l  seek  the solut ion of  Eqs .  (1.3), (1.5) with the boundary  condi t ions  (1.6)-(1.13), us ing s e r i e s  in t e r m s  
of  a sma l l  p a r a m e t e r :  

0 = 00  -+- 6001 -[- . . . .  (~1 = 010 + 0)011 + ' ' "  (3.1) 

In this  ease ,  in the b o u n d a r y  condi t ion  (1.13) we re t a in  the t e r m  with the p roduc t  Ro~, in v iew of the 
l a r g e  value  of  the p a r a m e t e r  1% This  p e r m i t s  de t e rmin ing  the e igenvalue  r even in the z e r o  approx imat ion .  
The c r i t i c a l  value of the Rayle igh  n u m b e r  c o r r e s p o n d s  to r = 0; t h e r e f o r e ,  the se lec ted  method  of  approx i -  
m a t e  a n a l y s i s  a l so  p e r m i t s  de t e rm i n i ng  the  c r i t i c a l  Ray le igh  number .  

F o r  the z e r o  approx imat ion ,  we have the  fol lowing s y s t e m  of  equat ions :  

( d ~ / d ~  ~ - -  k z ) 3 0 0  -~ k~Rago ----- 0, ( # / d ~  2 - -  kZ)01o -~ 0 (3.2) 

The va lues  of | and | m u s t  sa t i s fy  the boundary  condi t ions  (in what  fol lows,  f o r  s impl ic i ty  we omi t  
the s u b s c r i p t  O) 

~ 0  d ( d ~ ) 
0-------~-~2 ------~- ~ - ~ - - k  a 0 = 0  at ; = 0  (3.3) 

0 = Z ,  Ot = ~-IZ, d 2 0 / d ~  2 = k~Z at ~ = 1 (3.4) 

d~ I dg ~ - -  k2 0 ~ O, 6 d~ dg = - -  i o ) R Z  

o r  

0 1 = 0  at ~ = a  (3.5) 

dO1~ d ;  = 0 (3.6) 

F r o m  the second  equat ion of  (3.2) and the boundary  condi t ions  f o r  | wi th  ~ = a ,  f o r  c a s e s  a) and b), r e -  
spec t ive ly ,  we obtain  

o r  

Z shk(a--~)  (3.7) 
Ot ~ s h k ( a - - t )  

and 

01 '  ( l )  ~ - - k Z e - % t h k  (a - -  t) (3.8) 

Z eh k (a-- ~) 
eh k (~ -- t) (3.9) 

in which c a s e  

0 l '  ( l )  = - -  k Z ~ - l t h k  (a ~ l )  (3.10) 
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Subst i tu t ing (3.8) and (3.10) into the l a s t  boundary  condi t ion of (3.4), 
we obta in  

O' (1) = io)ZR - -  k Z c t h k  (a - -  ~) (3.11) 

O' (1) = io)ZR - -  k Z t h k  (a - -  1) (3.12) 

The  g e n e r a l  so lu t ion  of the f i r s t  equa t ion  of (3.2) has  t h e  f o r m  

0 : a i e ~  -~ a~e-).,~ ~ aaeX~ + a~e-~.~ -~- a~e x,~, Jr ase-Z~ (3.13) 

H e r e  ),i (i = 1, 2, 3) a r e  the roo t s  of the c h a r a c t e r i s t i c  equat ion  

(~.~ -- k~) ~ + k~Ra : 0 (3.14) 

Subs t i tu t ing  (3.13), (3.14) into boundary  condi t ions  (3.3), (3.4), and (3.11) o r  (3.12), we obtain  a s y s t e m  
of equa t ions  f o r  d e t e r m i n i n g  the  s ix  a r b i t r a r y  coe f f i c i en t s  and the ampl i tude  of the shif t  in the  c r y s t a l l i z a -  
t ion  f ron t  Z. Since the  s y s t e m  of equat ions  obta ined  i s  found  to  be  homogeneous ,  i t s  d e t e r m i n a n t  should r e -  
v e r t  to z e r o .  We obtain  l i n e a r  equat ions  f o r  d e t e r m i n i n g  the f r e q u e n c y  w in c a s e s  a) and b), r e s p e c t i v e l y :  

A and B a r e  the m i n o r s  of the  de t e rminan t ;  A=~o (1), B = p '  (1), w h e r e  

1 

Xl ~ 

(~( ! )  = e~,~ 

1 t 1 

Xl 2 ~2 $ X2 ~ 

- -  ~1Xl 2 ~2X22 - -  ~2:T2 $ 

,2~l~e*-X~ X22~Xz x22e-),2 

- -  ~!xi~e -x, ~,~x~e~ - -  ~,~x~:e-Z*. 

(3.15) 

(3.16) 

1 

~33~32 

xa2e),~ 

~axa~e x, 

1 

X3 s 

-- ~x~ ~ 

-- ~x~b-~, 

(3.17) 

The  d e t e r m i n a n t  (3.17) can  be put in the fo l lowing fo rm:  

ilxl~(I)~ - -  i ~ x ~ l  Al~ 
8 (~1S 2 - -  ~,2S1) A2 2 (~) : ~ x ~ x ~  ~ 

whe re  

x~x~  ~ (~iS~ - -  ~ S ~ )  

~,l~3Zl~X3~C31 

(3.18) 

A12 = x12T~ + x ~ 8 1  + x32~12, A ~  = x~2xs~C3~ - -  xl~x~Cls 

Ass ~ x2~x8 ~ (~aS8 - -  ~,~S~) + x12x~ ~ (~,2S~ - -  ~,1SI) "t- x3~xl ~ (~131 - -  ~,sSs) 

St  = s h ~ ,  Ci = c l~ l ,  C u  = C~ - -  Cj ,  S~j = S~ - -  S a 

~sh ~'t for the minor A, ~chXt for the minor A 
( l ) i=  (~,xch~, i for the minor B, ~F~ ~ (~,lsh~l for the minor B 
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Subst i tut ing the funct ions  @i and ~i  and expanding the de t e rminan t  (3.18), we find 

A ---- 48a 8 [)h)~,Ssxa ~ (i - -  C~C,+) -}- )h)~aS,x~ ~ (i - -  CxC,) + )~)~aS~x, ~ (I - -  C, Ca)] (3.19) 

+ S~S~ (~,~ + )~a ~) C~x~  ~ + S~S~ ( ~  + )~a ~) C~)~z~ ~1 

In the t r a n s f o r m a t i o n  of (3.18) into (3.19), the p r o p e r t i e s  of the roo t s  of Eq. (3.14) w e r e  used.  

The quant i t ies  x22 and x~ 2, ~2 and Xa, C2 and C~, S 2 and S~ a r e  complex -con juga te .  The root  Xl is r e a l  
a t  k 2 -  o~ > 0 and p u r e l y  i m a g i n a r y  at k 2 -  0~ ~ 0. Co r r e spond ing ly  to this,  sb3tl = S 1 can be r e a l  o r  pu re ly  i m a g -  
ina ry .  It  is  ea s i ly  shown that  the m i n o r s  A and 13, in a c c o r d a n c e  with the value  of  ~l, a r e  s imul t aneous ly  
r e a l  o r  p u r e l y  i m a g i n a r y .  Actual ly ,  the e x p r e s s i o n s  fo r  A and B can be t r a n s f o r m e d  in the fol lowing manne r :  

A = 48a + [)h {[(T q- 1/-36) s h y c  os6 A- (6 - -  ]/'37) sin6ch 7] --  (3.20) 
t -- -~-~h ~t [@ -b }r38) sh 27 + (6 -- V3~') sia 26]} ~- 

+ sh ~x (T ~ -1- 6 ~) (sh ~ 1" - -  sia ~ 8)] 

B = 24a ~ [2~,~ (~'~ § 6 ~) (chTcos 6 --  ]/"3 shy sin 6 --  ch )h) § (3.21) 

+ ~/~ sh 1,~ {[ (2k ~ + a) y + V-3 6 (a - 2k~)] sh 23" - -  [ ]/-~" (~ --  2k ~) - -  
- -  6 (a + 2k ~) ] sin 26} --  Xt ch ~,, (2k' + ~) (ch ~ 3" - -  cos~ 6) ] 

whe re  

Y --= Ba)~, ,  6 = I m P ,  

The f a c t o r s  with the e x p r e s s i o n s  fo r  ~tl and shkl a r e  real ;  t he r e fo re ,  when ~tl is rea l ,  the e x p r e s s i o n s  
fo r  A and 13 a r e  rea l ,  while when ~1 is  pu re ly  imag ina ry ,  they a r e  pu re ly  i m a g i n a r y ,  and t h e i r  ra t io  is a lways  
r ea l .  Thus,  the r e s u l t s  obtained in See.  2 with r e s p e c t  to the ex i s tence  of the e igenvalue  s = - i w  is conf i rmed .  

With l a r g e  va lues  of the p a r a m e t e r  a in c o m p a r i s o n  with k 2, 

a = ~+'k2 Ra ~ k 2, R a ~ k  4 

the m i n o r s  A and 13 have the fol lowing a s y m p t o t i c  e x p r e s s i o n s :  

A = 48a5i ( - -  sin ] / a  + - ~  sin 2 ]/--~ --  s i n - - 7  ch ~ ~- 

cos - - ~  -t- ~ ch ]/'3-~ sin ]/-a- -- 

B = 24~+ V~-i [ -  2 co~ V~- + 0.5 cos 2 V~  + o. 5 ((5- sin V~ +h V ~  - 
- ch V ~  co~ V~) + 2 (ch 0.5 V ~  oo~ 0.5 V~ - V3 sh 0.5 V~ ~ 0.5 ~)I 

F o r  ~>>1, the  r a t i o  13/A h a s  the  f o r m  

= ]f~- cos ( ] /~§  (3.23) B V a  oos(V-a+8) ~ - -  
A 2 sin ( ]/-a--- ~) 2 sia ( ]/'~" ~ n / 3) 

tga = V 3 - t h V ~  V S - =  t g n / 3  

It fol lows f r o m  e x p r e s s i o n s  (3.15) and (3.16) that  ins tab i l i ty  a r i s e s  in n a r r o w  reg ions  of va lues  of the 
p a r a m e t e r  a ,  in  which cos  (4-~-~+~r/3) and s in (4"-a-lr/3) have ident ica l  s igns :  

nn -]- n / 6 ~ 1 / ~  < nn + n / 3 (3.24) 

The r eg ions  of ins tabi l i ty  in the p lane  (a, k) at  a =1.2, ca l cu la t ed  in a digi ta l  c o m p u t e r  us ing  formt t las  
(3.15), (3.16), (3.20), and (3 .21) ,are  g iven  in F igs .  1 and 2. F i g u r e  1 c o r r e s p o n d s  t o t h e  c a s e  when the t e m -  
p e r a t u r e  does  not v a r y  at  the ou t e r  su r f a c e  of  the sol id  phase .  F i g u r e  2 c o r r e s p o n d s  to the  case  when the 
heat  f lux at the ou te r  su r f a c e  of  the sol id  phase  is  given.  As  is  evident  f r o m  the cu rves ,  the r eg ions  of in- 
s tabi l i ty  at  k<<l  a r e  in good a g r e e m e n t  with the a sympto t i c  f o r m u l a  (3.24). With an i n c r e a s e  in the value  of  
a ,  the r eg ions  of  ins tabi l i ty  a r e  b roadened ,  while  with an i n c r e a s e  in the value  of  k they a r e  na r rowed ,  and 
a r e  d rawn out to  a line. In this  case ,  it m u s t  be borne  in mind  that, a s  fol lows f r o m  the de t e rmina t ion  of  a 
(3.14), the poin ts  k = 0  and a # 0  on F i g s .  1 and 2 c o r r e s p o n d  to a Rayle igh  n u m b e r  Ra=  a a / k 2 = ~ .  

F i g u r e  3 g ives  c u r v e s  of  neu t r a l  s tabi l i ty ,  c o r r e s p o n d i n g  to w = 0 in the plane (Ra, k). The c r i t i c a l  va l -  
ues  of the Rayle igh  n u m b e r  Ra and k at a = 1 . 2  a r e  equal to: f o r  ca se  a) Ra=1558 ,  k=2.95;  f o r  ca, se  b) Ra=  
1424, k=  2.65. The r eg ions  of  ins tab i l i ty  on Fig .  3 a r e :  fo r  case  a) r eg ion  III; f o r  c a s e  b) r eg ions  II and HI. 
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With an increase in the relative thickness of the layer of solid phase, the effect of the boundary condition at 
the external surface is less strongly expressed, and the regions of instability in both cases a) and b) come 
together. The cri t ical  values of the parameters  are  also found to be close. For  example, with a=2 and a=6,  
Ra=1490, k=2.8. The analysis carr ied out shows that developing convection leads to an ear l ier  appearance 
of instability in a plane layer  bounded by a crystallization surface, in comparison with a layer bounded by 
solid fixed walls. 
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